This study investigated an approach to reduce the number of actuators used for internal pressure control and thruster allocation in a multinozzle solid propulsion system. In the proposed design, the throat areas of four divert nozzles are controlled by only three actuators, and chamber pressure maintenance and thrust distribution are achieved by controlling the throat areas. Using the proposed actuator set, thrust allocation can be accomplished in a more efficient way than when independent actuators are employed for each nozzle.
Introduction
Solid propulsion systems have been widely studied and applied in diverse applications, because their design is simple and they have a shorter response time than liquid propulsion systems. These simple systems can also be expanded: the variable thrust solid propulsion system (VTSPS), for example, is equipped with multiple thrust nozzles on a single combustion chamber. The multiple nozzles enable the single chamber to execute agile divert maneuvers, as well as maintain attitude control.
In the VTSPS, the thrust of the nozzles is controlled by changing the nozzle throat area using a pintle actuator. Since all the nozzles share a single combustion chamber, the throat area of each nozzle affects the entire chamber's throat area, which is directly connected to the chamber's pressure. Therefore, the key to VTSPS control lies in controlling the throat area and simultaneously considering chamber pressure control and thrust distribution [1] . In other words, the control input to the throat area of each nozzle should satisfy the constraint for pressure maintenance. Lee et al. described an approach and introduced a thrust allocation algorithm to maximize thrust output efficiency [2] . Concentrating on the chamber pressure, Bergmans and Di Salvo established a pressure differential equation for the combustion chamber and applied a feedback control algorithm [3] . Lee et al. introduced an adaptive controller based on feedback linearization [4] [5] [6] to deal with system uncertainties and time-varying parameters such as chamber free volume and performed an associated stability analysis.
One simple way of controlling a solid propulsion system is to control all of the nozzles independently. The conventional variable thrust solid propulsion system has four divert nozzles and has four main actuators to manipulate the four nozzle throat areas. Typically there are six additional subnozzles for decoupled attitude control, as shown in Figure 2 . This approach is intuitive and allows each nozzle throat area to be controlled independently. Nevertheless, this design is relatively inefficient when the associated system mass budget is considered. If the same system control performance could be achieved with fewer or smaller actuators, the system mass could be reduced while also enhancing maneuvering performance.
This paper proposes a novel pintle actuator mechanism for four divert control system (DCS) nozzles, which has three actuator components, rather than the conventional four. The number of actuators can be reduced by interconnecting each of the actuators using an incompressible fluid. For divert maneuver in the -body plane, which is perpendicular to the axial direction, two actuators handle bidirectional thrusts, respectively. Because they share the incompressible fluid in the bottom of each actuator, the uncontrolled actuators are automatically moved backward when one or two of the pintle actuators are moved by a control command. In this way, the ratio of total nozzle throat area to chamber pressure will remain constant when the nozzle throat area is varied linearly by the pintle actuator movement. This means the thrusts can be distributed under controlled pressure. While it is necessary to employ a thrust distribution algorithm when each pintle is controlled independently, because there are multiple ways to distribute thrust, with the linear throat area change strategy proposed in this study the most efficient distribution algorithm is achieved naturally by the incompressible fluid. The role of the extra actuator is to manage pressure control without generating any thrust, by pushing or pulling all four DCS pintles with the same amount of displacement by changing the quantity of incompressible fluid. As mentioned above, by downsizing the number of actuators, this approach can reduce overall system mass. This paper has three sections. The basic model of the variable thrust solid propulsion system is derived in the second section. In the third section, the concept of the reduced actuator set for managing chamber pressure control and DCS thrust distribution is proposed. Finally, the proposed actuator mechanism idea is verified with simulation studies.
Variable Thrust Solid Propulsion System
A variable thrust solid propulsion system (VTSPS) includes a chamber which contains a solid-propellant. Figure 1 shows the schematic of the combustion chamber. Since the free volume inside the chamber tends to change with propellant combustion, the chamber pressure is controlled by varying the nozzle throat area. The throat area can be varied via a pintle actuator.
The -axis of the VTSPS in the body frame defines the velocity direction of the vehicle. The center of mass is the origin of the body frame coordinate system. A traditional VTSPS has ten nozzles in total. Four primary nozzles, 1 , 2 , 3 , and 4 , are located on the -plane, which is perpendicular to the velocity direction. These primary nozzles are not related to thrust for movement in the -axis direction: the primary nozzles control position in the orthogonal plane only. Another six small nozzles, ( = 1 ⋅ ⋅ ⋅ 6) are employed for attitude control. Because the power capacity of the primary nozzles is much larger than the attitude nozzles, the primary nozzles manage chamber pressure control as well as axial thrust. Since the primary nozzles control both chamber pressure and axial thrust, the pintle control input should be computed to simultaneously maintain pressure and thrust distribution after first determining the ACS nozzles' control input.
Each DCS nozzle is controlled by the combination of independent pintle actuators.
The entire control loop including pressure control and thrust distribution is summarized in Figure 3 .
The following subsections discuss the chamber pressure control algorithm and the efficient thrust distribution approach. [7, 8] . The thrust capacity of the VTSPS depends on the chamber pressure and the total nozzle throat area such that
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where represents a thrust coefficient defined as
A chamber pressure differential equation can be derived from the laws of mass conservation.
The first and second parts of the equation above can be derived further.
International Journal of Aerospace Engineering where is the chamber gas temperature, is the pressure at the nozzle throat, and represents the Mach number of the exhausted gas at the nozzle throat. Using those two equations, a pressure differential equation can be derived such that
With the nozzle chocked, the mass conservation equation can be derived in a different way.
. (8) Furthermore, the pressure differential equation, which is the internal ballistic model, can be derived.
Therefore, the chamber inner pressure is determined from the combustion of gas free volume and the throat area.
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Thrust Distribution.
As mentioned earlier, thrust for attitude control is determined first, since the ACS nozzles are much smaller than the DCS nozzles. After determining the ACS control input value, the DCS nozzle thrust distribution is performed with the new thrust limit sum = sum − ∑ ACS . The desired thrust is calculated using a simple PD (proportional plus derivative) controller. Detailed thrust distribution algorithm is shown in Figure 4 .
When the DCS thrust capacity sum is given, a simple way to distribute thrust for the two / axes is to divide the thrust capacity in half, as /2 for each axis, and then distribute the thrust as well. The weakness of this approach lies in efficiency. Since it divides capacity before considering the actual thrust, we can only use half of the thrust capacity even when the desired thrust is aligned to one axis only.
The other approach is to distribute thrust based on best efficiency. When the available maximum DCS thrust value is determined to be sum and the desired thrust direction is given, then the solution to obtain maximum thrust usage will be the point of intersection between the tangent line with and the square boundary of | | + | | < sum in Figure 5 . If the desired thrust exceeds the thrust limit, and should be normalized as below.
The final DCS thrust distribution should be calculated as shown in Table 1 .
Since there are four control variables
and three equality constraints as (1), there are more than one thrust combinations available. To get a unique solution, an optimization problem as (11) can be suggested to minimize the pintle maneuver. Because of three equality constraints, four DCS thrusts can be expressed as a function of one thrust. The solution can be derived from / = 0.
Reduced Pintle Actuator Mechanism for DCS Nozzles
Since there are four DCS nozzles, as shown in Figure 2 , the most direct approach would be to command the four actuators by controlling each nozzle throat area independently. Let us assume that each pintle is moved by a dedicated piston actuator. The piston will move when there is a pressure difference between the upper/lower sides of the piston itself. Alternatively, the proposed pintle actuator, which is more compact, has a pair of ball valves for controlling movement in the / directions, which always move together. For example, if the -axis actuator moves toward the + direction, this will simultaneously reduce the + nozzle throat area and enlarge the − nozzle throat area, because the movement of the + ball valve toward the nozzle moves the − ball valve away from the nozzle.
The detailed mechanism for controlling the piston is explored here. The upper part of each piston consists of a chamber and two flow channels, the inlet and the outlet. The area of the inlet is kept constant, while the outlet area is varied by moving a ball valve toward or away from the outlet as Figure 7 . The movement of the ball valve allows flow from the outlet to be controlled under a pressure difference. If the ball valve is moved away from the outlet, the outlet area will become the same as the inlet area, which is kept constant.
If the ball valve is in its neutral position, that is, in = out , the amount of inlet flow and the output flow will be the same if the supply pressure and the return pressure are equal. There will be no pressure difference generated in this case.
If the ball valve moves toward the outlet, a differential flow Δ will be generated even though no pressure difference exists, because the outlet area will be smaller than the inlet area, since the ball valve is now blocking the outlet area.
This flow difference will cause a change in the volume and the pressure in the upper part of the piston.
When this pressure changes, the force applied to the piston area will push the piston backward.
If two ball valves on the same axis are connected to one actuator, one can imagine that the two outlet areas will be controlled together in a reciprocal way, as illustrated in Figure 6 . If the ball valves are initially in a neutral position and the actuator moves toward the + direction, as shown in Figure 8 , the + outlet will be narrowed because the ball valve blocks the outlet area. At the same time, because the ball valve moves away from the − outlet, there is no change in that outlet, and no effect on the outlet area.
When the piston outlet area is smaller than the inlet area, additional fluid will be accumulated in the upper piston area. The additional fluid will push the piston in the opposite direction. This piston movement will apply pressure to the fluid in the lower piston area. As shown in Figure 9 , since this fluid is also shared by the other piston, pushing the fluid will cause the other piston to move. That is, if one piston is controlled, the other piston is reciprocally controlled, automatically. If one actuator moves, one of the pistons is affected directly because the outlet area of the upper piston chamber becomes smaller. This will cause a differential pressure which forces the piston to move. The incompressible fluid will also be moved with the piston, and the fluid motion will push the other piston backward under the volume conservation principle. Then the pintle actuators will follow the movement of the pistons.
This mechanism can also be used to control thrust distribution, because if we intend to create movement in a certain direction it is necessary to reduce the thrust of one nozzle and produce greater thrust in the other nozzle on the same axis.
In the proposed design, there are two such actuators, which are each connected to a pair of ball valves. There should also be one additional valve actuator, to control the amount of incompressible fluid in the lower piston area of all the actuators. If the amount of fluid decreases, all four pistons will move outward, and they will be pushed inward if the fluid is increased. This will affect the total nozzle throat area, which is important for controlling the chamber pressure, although there will be no change in thrust, because all of the pistons will have been moved in the same direction. Figure 10 shows the suggested system schematic.
If the nozzle throat area can be expressed as a linear function with respect to the pintle actuator displacement, the nozzle throat area can be controlled to meet the maximized DCS thrust efficiency, while maintaining pressure. 
For the conventional VTSPS, degree of freedom for the divert maneuver is four, since there are four nozzles and related pintle actuators. And there are three constraints: one is to maintain the sum of the thrusters (which is equivalent to the chamber pressure control), and the other two are for the thrust requirement for / -axis, respectively. There will be more than one actuators maneuver combination available, since degree of freedom is larger than the number of constraints. To get a unique solution, optimization problem as (11) suggested minimizing actuator maneuvers. Detailed solution can be derived as Table 2 . For the reduced actuator system, there are still four thrusters available. The effect caused by the reduced actuator can be rewritten as an additional constraint as below, which makes the solution unique without an optimization problem. The solution is different from the conventional VTSPS's thrust combination, which means the thrust variation from eq could be larger than the optimal solution. However, the resulting net thrust will be the same as before. Thrust distribution solution for the reduced system can be derived as Table 3 .
Because all the thruster has the maximum limit sum and the thrust combination could not exceed it, this does not mean that there will be performance degradation. Also, International Journal of Aerospace Engineering efficiency of the proposed system cannot be compared easily to the conventional system, since the maneuver is optimized with respect to the equalized state only. Table 3 : Thrust distribution algorithm for the reduced actuator.
Control variables (3)
> 0 and > 0 Figure 11 shows the entire control loop with the proposed reduced actuator. From the desired DCS nozzle throat area, three valve commands can be achieved.
Numerical Simulations
The proposed actuator concept was verified using simulations. First, a numerical simulation was constructed with a single piston actuator as shown in Figure 12 . and are the upper pressure and the pressure of the piston, respectively, and a pressure difference ( − ) will create the pintle actuator displacement. This value is then fed back to the flow differential Δ calculation. For the valve voltage control, simple PID controller is used.
This can be extended to a simulation of four pistons using three actuators as Figure 13 . Each piston will share the lower pressure , which is averaged as 1/4 × ∑ 4 =1 , for the lower pressure of each piston, because they share the flow. The pressure control actuator is connected to the lower part, which controls each piston in the same direction by increasing or decreasing the amount of the incompressible fluid. Table 4 shows the simulation parameters.
Four simulation cases were considered here. The first simulation case is for when only one pintle actuator is moved. Because the volume of the incompressible fluid is conserved, the other three pintles are moved backward naturally when one of the pintles is controlled. The displacement of the backward maneuver in Figure 14 is equal to 1/3 of the controlled pintle maneuver, which makes the sum of the displacement equal to zero. This means the thrust can be distributed automatically, with the pressure maintenance, by sharing incompressible fluid.
The second case involves the control of two pintle actuators, for the / -axis, respectively. There will be two remaining pintles which are not controlled for the / -axis. Similar to the first case, the remaining two pintles are moved backward, and the movement is a half of the control input sum, ( + )/2, respectively. Therefore, the sum of the displacement will also be zero. These results in Figure 15 indicate that thrust distribution can be achieved naturally by the incompressible fluid inside the piston without changing the chamber pressure. This show that the same control strategy could be obtained by controlling only two pintles, when the required thrust vector is not aligned toor -axis.
The third case involves increasing the amount of incompressible fluid for pressure control only. In this case, all four of the pintles are moved with the same displacement as . Since the + and − pintles are moved equally, the thrust in the -axis is eliminated and no net thrust will be generated. The same analysis can be performed for the -axis. Since all of the pintles are moved, this means the net nozzle throat area is changed, and there is no net thrust, and only the pressure control will be affected. Figure 17 represents the final case, which is the sum of the previous cases from (1) to (3). One pintle is controlled for each / -axis, while the incompressible fluid is increased. Since the amount of fluid is changed, the net displacement will not be zero, which means the chamber pressure will be changed. Although there will be a pressure difference, the resultant net thrust will be the same as in case (2), since each pintle is moved equally, and the additional thrusts will vanish. This shows the thrust maneuvering can be achieved while changing the chamber pressure at the same time.
Conclusion
A novel actuator mechanism for a solid propulsion system with multiple nozzles was introduced. While conventional pintle actuators control each nozzle throat independently, and the number of actuators is equal to the number of nozzles, the proposed concept allows the number of actuators to be reduced. Because the actuators in the proposed design all share an incompressible fluid, the system both controls the pressure and distributes thrusts at the same time. Since the incompressible fluid volume is conserved, the uncontrolled pintles move reciprocally when one or two of the pintle actuators is moved. By increasing or decreasing the amount of incompressible fluid, the net nozzle throat area can be controlled and the chamber pressure will be changed as well. The performance of the proposed actuator mechanism was verified by simulations, and the results of those analyses showed that pressure maintenance as well as thrust allocation was achieved simultaneously. The efficiency of the achieved thrust distribution was identical to that reported for conventional actuators. These analyses were performed while assuming that the nozzle throat area change was linear with respect to the pintle actuator movement, and therefore cases in which the thrust distribution creates a more complex relationship between the pintle movement and the nozzle throat area should be studied further.
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